A topological property P of spaces is said to be preserved by the adjunction space Z if and only if Z has P whenever X and F both have P. In this paper we are interested in certain hereditary properties that are preserved by the adjunction space. Iseki has shown [7, p. 144 ] that the adjunction space preserves hereditary normality (or complete normality, as it is usually called). Iseki's proof makes use of separated subsets of Z, and holds only in the case of complete normality. We will see that Iseki's theorem follows as a special case of one of our theorems; in fact we shall prove that the adjunction space preserves any property "Hereditary P" such that the property P satisfies (a) Z preserves P; (b) If every open subset of a space X has P, then every subset of X has P.
The idea of the proof is to notice that, with a trivial exception, every open subset of an adjunction space Z can be considered, in a natural way, as an adjunction space.
Let Z' be a subspace of the adjunction space Z and define X' = k-xiZ'), Y'=Yf\Z', A'=AC\X', and f'=f\A'. Then A' is a closed subset of X' and/' is a map of A' into F'. We will show that if Z' is an open subspace of Z, then Z' is (with the exception noted) the adjunction space obtained by adjoining X' to Y' by means of/'. The Proof. We are concerned with two topologies for Z' which are defined in different ways: the subspace topology inherited from Z, and the adjunction space topology. We shall show that these two topologies coincide. Thus we have shown that the two topologies coincide, and this completes the proof of the lemma.
The following lemma is well known (see [6, p. 15]):
Lemma 2. Z preserves the property P o/ being (1) Lindelb/ (2) normal (3) paracompact (4) countably paracompact normal (5) collectionwise normal.
As a matter of fact, it is known that Z preserves many more properties than these. However, we are interested mainly in these five properties.
The properties listed in Lemma 2 are known to be weakly hereditary, i.e., properties inherited by every closed subspace. It is also well known that the properties (1), (2), (3) and (5) are not hereditary. Examples showing that countable paracompactness is not hereditary seem to be less well known. We shall presently give an example which handles all five cases simultaneously.
First, we need to consider a familiar example.
Let X consist of all points (x, y) of the Euclidean plane for which y^O. If y>0, define the basis elements at (x, y) to be the open disks with center (x, y) and radius less than y. For points (x, 0) on the x-axis define the basis elements to be the point (x, 0) together with the open disks tangent to the x-axis at the point (x, 0). The resulting space X is the classic example of a regular space which is not normal; X is in fact known to be a Tychonoff space. Nonnormality results from the fact that the set A of points on the x-axis with rational first coordinate, and the set B of points on the x-axis with irrational first coordinate, are disjoint closed subsets of X which cannot be separated by disjoint open sets. Since X is not normal it cannot be paracompact. We shall show that it is not countably paracompact either. Gx of (x, 0) which intersects only finitely many of the VI 's. Hence, by taking Gx sufficiently small we can assume that Gx intersects none of the VI 's. Do this for each point (x, 0) of B and let G be the union of all such G-s. Let V be the union of all the VI 's. Then G and V are disjoint open sets containing B and A respectively. However, this is a contradiction and shows that the cover {0, Ui} can have no locally finite open refinement. Thus we conclude that X is not countably paracompact.
We can now give the example mentioned above. Example. A space F which is normal, collectionwise normal, paracompact, countably paracompact, and Lindelof, but having a subspace with none of these properties.
Let X be the Tychonoff space of the above example and let F = /3(A) be the Stone-Cech compactification of X. Then F is compact Hausdorff so it has all the required properties, but its subspace X has none of these properties.
We now continue with the main ideas of the paper.
Lemma 3. Let P be one of the properties (l)- (5) . If every open subset of a space X has property P, then every subset of X has property P.
Proof. In case P is property (2), property (3), or property (5) normal, and we have thus shown that X is hereditarily countably paracompact normal. Let P be a topological property of spaces. If every subspace of a space X has property P, we shall say that X has the property Hereditary P.
We can now prove, in an efficient manner, the theorem mentioned in the introduction.
The proof is obtained by combining Lemmas 1, 2 and 3. If A' = AC\X' = 0, then X'EX -A and consequently Z' is homeomorphic to X'. Since X has the property Hereditary P, it follows that in this case Z' has property P.
If A'7*0, then by Lemma 1, Z' is the adjunction space obtained by adjoining X' to Y' by means off. Both X' and Y' have property P, so by Lemma 2, Z' has property P.
Thus we have shown that every open subset of Z has property P.
Finally, by Lemma 3, Z has the property Hereditary P. This concludes the proof of our theorem. According to the example given earlier, Theorem 1 has nontrivial consequences. Note that Iseki's theorem is the special case of Theorem 1 which one gets by taking P to be the property of normality.
The 
